We study the three-pronged strings (three string junctions) from the point of view of D-string worldsheet gauge theory. We justify interpreting kink solutions in the 2-dimensional gauge theory as pronged strings, by examining BPS energy bounds obtained from this theory. When the ends of the pronged string are on D3-branes, the configuration preserves 1/4 supersymmetry with BPS conditions including Nahm equation. Using solutions of the Nahm equation explicitly, we treat string junction configuration ending on the D3-branes, from the viewpoint of the D-string. Especially, when two separated pronged strings end on the same D3-branes, they interact with each other through the D3-branes and the resultant trajectories of three-pronged strings is found to be curved non-trivially.
chiral gauge theories [12] .
Though the multi-pronged string is expected to exist in type IIB string theory, any corresponding supergravity solution has not been found yet, hence physics near the junction point is not known clearly. An interesting approach to this problem of realization of the multi-pronged string is making use of the low energy effective field theory on the D-brane, D-brane action.
Some configurations of D-branes has been obtained in this effective field theory [13, 14, 15] , where a string stuck to D3-branes was considered. For the case of multi-pronged string, it was investigated in [16] that there is a close relation between 1/4 BPS states in 4-dimensional gauge theories (D3-brane worldvolume gauge theories) and the multi-pronged string configurations in string theory. From these background development, actual classical solutions of 1/4 BPS states in 4-dimensional super Yang-Mills theory were recently constructed in ref. [1, 2, 3, 4] . Plotting the configuration, it was found [1, 2, 3] that the component strings forming the multi-pronged string bend non-trivially.
In this paper, we shall analyze configurations of multi-pronged string from D-string worldsheet point of view. The low energy effective field theory on the D-string worldsheet is a 2-dimensional supersymmetric gauge theory. A multi-pronged string configuration on this effective theory was studied in ref. [6] , where infinitely long component strings were considered, and these were found to be straight so that the type IIB SL(2, Z) symmetry is favored. But if the ends of the pronged string are on D3-branes, it is expected that the multi-pronged string and D3-branes interact with each other and the configuration becomes non-trivial. This situation is very interesting since there are corresponding configurations on the side of the D3-brane effective field theory. D3-branes have been incorporated into the D-string worldsheet gauge theory in ref. [17] as a concrete realization of Nahm equation [18] , thus we shall combine these ideas and investigate the shape of the multi-pronged string terminated by the D3-branes.
Organization of this paper is as follows: in section 2, we shall review the D-string worldsheet approach to the multi-pronged string given in ref. [6] , and show that the BPS energy bound of the 2-dimensional system is consistent with the energy given by the string picture. In section 3, D3-branes are introduced . We examine the preserved supersymmetry, and bending configurations of the multi-pronged strings are presented. Section 4 will be devoted to summary and discussions. In appendix, our solution is shown to satisfy the equations of motion of the non-Abelian Born-Infeld action proposed in ref. [19] .
2 Three-pronged string with no D3-brane Dynamics of Dp-branes is well described by a (p+1)-dimensional gauge theory, which is obtained by dimensional reduction of the 10-dimensional supersymmetric Yang-Mills theory [20] . Thus the 2-dimensional action necessary for our interest is *
Here T D1 is the tension of the D-string. The D-string extends in the direction (01), and the eight scalar fields ξ I (I = 2, · · · , 9) contained in the above action represent the transverse fluctuation of the D-string. This system has (8, 8) supersymmetry (we shall omit the fermion terms hereafter for convenience). From the action (2.1), we have the following expression for the energy of this system:
The coordinate x ≡ x 1 denotes the spatial direction of the worldsheet, and E is the electric field. With this energy formula, we shall study the BPS nature of the 2-dimensional system in section 2 and 3. * The notation of this paper follows the one in ref. [21] .
Kink solution
First we shall review the consideration carried out in [6] † , where a three-pronged string is realized as a configuration of a worldsheet effective gauge field theory on a single D-string.
When one deals with a single D-string, the scalar and the gauge fields are Abelian and hence there is no potential term. All the scalar fields decouple with each other. We shall turn on only one scalar field S ≡ ξ 2 , then the (x, S(x))-plane (which is equivalent to the (ξ 1 , ξ 2 )-plane)
is interpreted as a 2-dimensional plane on which the pronged string lies.
In the picture of IIB superstring theory, the configuration of the string junction preserves 1/4 of the original 32 supercharges. By the existence of the D-string which is back-born of our computation, the supersymmetry is broken to the half of the original supersymmetry, i.e.
the (8, 8) supersymmetry in 2 dimension is unbroken on this stage. Therefore the junction configuration observed from the D-string standpoint is expected to preserves half of the (8, 8) supersymmetry. The supersymmetry transformation of the gaugino is as follows:
where i denotes the index of SU(4) subgroup of R-symmetry, and α is a spinor index. With the BPS condition 
This BPS condition is independent of the worldvolume dimension considered, as seen in [13] . † See also ref. [10] . ‡ The 2-dimensional fermion is denoted as ζ = (ζ − , ζ + ) T . § BPS properties of the multi-pronged string by the worldsheet approach was investigated in [9] in another way.
In the D-brane worldvolume theory, a fundamental string stuck out of it to the transverse direction is described by a source of the gauge field on the D-brane, since the charge of the string should be conserved at the endpoint of the string [22] . For the case of a Dp-brane with p ≥ 2, one can regard a "spike" configuration around the source as a fundamental string [13] .
On the other hand, this is not the case for the D-string (p = 1), because it has only one spatial dimension and the source does not form a spike. The equation of motion for the electric field with a source located at x = x 0 ,
has a following BPS solution ¶ :
Here g is a string coupling constant equal to the fundamental electric charge, and the charge n and p are integral numbers since it is generally quantized [13] .
As seen from the solution, the scalar field S is a linear function of x. There is a kink at
x = x 0 (see fig. 1 ), and at this point the electric charge is altered by ng. The authors of ref. [6] interpreted this circumstance as follows: invisible n fundamental strings are sticking into the D-string, and they form a string junction at x = x 0 . Now the D-strings have electric charges, thus they are interpreted as (−p, 1) string * * (x < x 0 ) and (p−n, −1) string (x > x 0 ). This interpretation is justified by a fact that force balance condition is satisfied at a junction point. Naming the region x < x 0 "string 1", x > x 0 "string 3", and the invisible fundamental string "string 2", the tension of each string is read from their charges as
where T is a tension of a single fundamental string, T = gT D1 . If we assign this tension to each region of the solution, one can confirm that the following force balance conditions are satisfied at the junction point x = x 0 . One is in the horizontal direction (parallel to x),
(2.10) ¶ We adopt the upper sign in eq. (2.6) without losing generality. Ref. [6] has dealt with the case n = 1. Though the state with |n| ≥ 2 is marginal, our treatment in the following sections requires this marginal state.
* * The charge of the strings are defined as the one following a direction oriented toward the junction point. and the other is in the vertical direction (parallel to the string 2),
A tree web with more prongs can be constructed straightforwardly in the same way. One can see that at every junction point the force balance conditions are satisfied, if the charges are conserved there.
In this way of realization of the pronged string, the component strings (string 1, 2 and 3)
are straight and infinitely long, thus the configuration favors the SL(2, Z) S-duality symmetry as discussed in [6] . However, as we shall see in section 3, considering two three-pronged strings terminated on the same D3-branes, they interact with each other and then bend non-trivially.
Energy of the three-pronged string
For a further justification of the above interpretation (presented in [6] ), let us investigate the energy bound of this configuration. The energy formula (2.2) with a single scalar field S is arranged as
therefore using eq. (2.7), the energy is bounded by some boundary charges and a source contribution as follows:
The equality in (2.13) holds when the BPS conditions (2.4) are satisfied.
The term E source indicates that there actually exists a fundamental string 2, since we can express the source contribution as
The value S(x = x 0 ) denotes the coordinate of the endpoint of the fundamental string, thus its length is |∞ − S(x = x 0 )|. Eq. (2.15) appropriately represents the energy of the fundamental string with this length.
On the other hand, one can see that another contribution to the energy, E boundary , represents string 1 and 3. Since E boundary is divergent with non-zero n, we shall restrict the domain of x as [−L, L] for evaluating this term. Then for the solution (2.8), we have
Here we have assumed that L is sufficiently large, so that x 0 ∈ [−L, L]. In order to see that the strings attached to the boundaries x = ±L have tensions T 1 and T 3 , we shall move the junction point by δx 0 (> 0) in the x direction (see fig. 2 ). The energy changes after this horizontal translation by
This expression is consistent with the naive argument from the string picture, in other words, eq. (2.17) can be written in the form
with the variations of the length of string 1 and 3: We have seen that the energy bound (2.13) appropriately reflects the energy of the threepronged string with no endpoint. Now the interpretation presented in [6] has been justified also from the viewpoint of the BPS energy bound, where necessary information on the energy of the three-pronged string is encoded in eq. (2.13). Especially, among three component strings, the existence of the invisible fundamental string (string 2) is guaranteed by the source contribution of the energy bound. In the next section, we consider the effects of the presence of D3-branes.
Nahm equation and effects of D3-branes
In this section, we shall take into account D3-branes in the context given in the previous section. In ref. [17] , the worldsheet gauge theory of D-strings ended on the D3-branes is identified with the SU(2) monopole moduli space of ADHMN construction [18] in d = 4 super Yang-Mills-Higgs system. This identification enables us to study the multi-pronged string whose component strings end on D3-branes, from D-string worldsheet point of view.
1/4 BPS state and energy bound
To describe the perpendicular D3-branes on the D-string worldsheet gauge theory, we turn on three scalar fields X i ≡ ξ i+2 (i = 1, 2, 3), which are interpreted as coordinates parameterizing the D3-brane worldvolume. This means that the D3-branes extend in the direction (0345).
Together with the previously considered fields, A 0 and S, the energy formula becomes as follows:
The gauge group is chosen to be SU (2), by the reason which will be explained later. The D-string is terminated at x = x (±) , where the D3-branes locate. Thus this theory is defined
In the presence of the scalar fields X i , the equation of motion for the electric field reads
where J (≡ i j i σ i ) is a constant SU(2) matrix corresponding to the source ng in eq. (2.7).
With the help of a resultant relation
Tr
the energy (3.1) is bounded in the same way except for the terms consisting only of the scalar fields X i , as
For the last two terms consisting of X i , we have an identity
hence finally the energy is bounded as follows:
In order to solve these BPS equations (2.4), (3.8) and (3.9) , first note that the equation (3.8) is trivially satisfied with the previous BPS condition (2.6) which is a solution of the conditions (2.4). Thus we are left with an equation (3.9) . This remaining condition is Nahm equation [18] , if we substitute the gauge fixing condition A 1 = 0.
In ref. [17] , the relation between this Nahm equation (included in Nahm data) and the D-string approach in string theory was minutely discussed. To compare precisely our setup with the Nahm data, we put the interval defining the worldsheet in a form
without losing generality. D3-branes are located at these boundaries, x = x (±) . It is claimed in ref. [17] (for a related discussion, see ref. [23] ) that the boundary conditions which represent finitely separated k D-strings terminated on the D3-branes are
where new rescaled variables are defined as X i ≡ ∓iX i /a, z ≡ ax, and the matrices T i define an irreducible k-dimensional representation of SU (2), It should be noted that for k = 1 the solution of the Nahm equation is trivially a constant † † . Extending this trivial solution, one finds that a constant diagonal matrix also satisfies the Nahm equation (3.9). Though this vacuum is ordinally adopted, it belongs to a reducible representation of SU(2) in the Nahm language. The author of ref. [17] asserts that the reducible representation indicates D-strings infinitely far apart from each other, and a † † With this Nahm data, one can construct a single BPS monopole solution [24] by the ADHMN method.
configuration of finitely separated D-strings should satisfy an irreducible boundary condition.
Furthermore, with constant diagonal matrix solution, it is impossible to incorporate the effect of the D3-branes. Thus we shall take the simplest choice k = 2 in the following, therefore we
Let us check the consistency in terms of the energy bound. The term E D3 in the energy bound (3.6) is expected to involve the energy of the D3-branes at the boundaries. In fact, estimation of (3.7) by substituting eq. (3.11) leads us to the relation
. 
we find that an actual supersymmetry survived under all the BPS conditions (2.4), (3.8) and
(3.9) is 1/4 of the original one. The unbroken supersymmetry is generated by a supersymmetric transformation parameter ζ j satisfying (2.5) and
(3.15)
Shape of the three-pronged string
In this subsection, we shall consider configurations of the three-pronged string with the presence of the D3-branes. The shape of the pronged string is determined by the scalar field S(x). ‡ ‡ The tension of the D3-brane followed by eq. (3.13) differs from the usual tension T D3 (= T D1 ), by a factor two. This unsatisfactory disagreement may originate in the fact that we must treat at least two D-strings to represent the D3-branes as boundary conditions, as explained above.
Since the variables X i are already non-commutative with each other, direct interpretation of the locations of the D-strings is rather ambiguous, as discussed in ref. [17] . Here for the scalar S we turn on only the diagonal part of it, and observe how it behaves under the presence of D3-branes.
Through one of the BPS conditions (A 0 = S), the scalar field S obeys the Gauss law constraint (3.2):
For the background configuration X i of the D3-branes, we adopt a solution of the Nahm equation which was given in ref. [25] . The authors of ref. [25] explicitly solved the Nahm equation for k = 2:
where σ i are Pauli matrices and
The constant numbers A, k ′ , K and k are defined as
In the ADHMN construction of monopoles, this solution * represents finitely separated two monopoles which are aligned on the X 3 axis. The only one parameter δ in the solution denotes the distance between the two monopoles. For δ = 0, two monopoles locate at the same point and we regain the axially symmetric two monopole solution given in ref. [26] . On the other hand, for a large δ the distance between the two diverges as log δ. Thus it is expected that the large δ limit leads us to the situation of the two D-strings decoupled with each other.
Let us solve the second order differential equation 18) is a rescaled solution compared to the solution given in ref. [25] , so that the solution has poles at z = ± π 2 .
Since the boundary behavior of the potential term is already known as in eq. (3.11), one can solve the above differential equation (3.20) near the boundary x ∼ x (+) (or x (−) ). The only regular solution is s ∼ (x − x (+) ) 2 . (The other solution is found to be divergent as s ∼ (x − x (+) ) −1 .) Without the use of the source term J, it is impossible to have a solution regular at both boundaries x (+) and x (−) , since the potential term f 2 j is positive definite.
As mentioned above, we consider only the differential equation for i = 3,
and according to this, components of the source J is chosen as
First, consider the large separation (large δ) case. We estimate the potential term in eq.
(3.21) as follows. For a given positive z( = π/2), the solution f 1 , f 2 presented in eq. (3.18)
This is a natural result: when we separate two monopoles (D-strings), the interaction between the two vanishes and the situation would reduce to the two decoupled D-string (U(1) × U(1)) case. Actually, for δ ∼ 700, a numerical estimation for the potential (see fig. 3 ) shows that the potential vanishes except near the boundaries. Therefore, in the large δ limit, the solution of the differential equation (3.21) with the background (3.18) is found to be almost straight, as shown in fig. 4 . Thus we conclude that the large δ limit recovers the picture with no D3-brane in section 2, where the component strings are straight.
The point which differs from section 2 is that, at the boundaries z = ±π/2, the end of string 1 and 3 are constrained as s 3 (z = ±π/2) = 0. In the infinite δ limit, the potential vanishes except at the boundaries and the solution of the differential equation becomes as follows:
where z 0 ≡ ax 0 and the component strings are straight:
(3.25) One can observe that the solution is almost a straight line.
Continuity of the solution at z = z 0 requires
(3.26)
The information of the source J is incorporated in the boundary condition at x = x 0 , concerning the derivative of S. Actually this indicates the charge conservation condition at the junction point x = x 0 as seen in section 2. If one regards the source charge n as the one which the invisible fundamental string (denoted as string 2) has, and noting that the charge of string 1 and 3 is given by the slope of the string measured at x = x 0 , − d dx S x=x 0 , the charge conservation condition at the junction point implies Then the differential equation (3.21) becomes as follows:
Changing the variable as w ≡ cos 2 z and putting s ≡ s/w, this differential equation is then transformed into a Gauss's hypergeometric differential equation. Using some formulas on hypergeometric functions, we have two independent solutions of (3.29) as
This solution s (+) (z) (s (−) (z)) is regular at a boundary z = π/2 (z = −π/2), whose shape is plotted in fig. 5 (fig. 6 ). Hence we get a configuration regular in all the region in the same way as eq. (3.24). In this case, the continuity of the solution at z = z 0 requires
(3.31)
Solving the charge conservation condition (3.27) at z = z 0 together with eq. (3.31), we have a complete form of the pronged string.
Here we shall analyze two typical cases concretely.
• Case (1) : [(−1, 1), (2, 0), (−1, −1)] junction (n = 2 and p = 1). Parity invariance of the boundary conditions indicates that the junction point sits at x = 0, and the solution of the boundary conditions at junction point (the continuity condition and the charge conservation) is found as follows:
For δ = 0,
This configuration is plotted in fig. 8 (δ = ∞) and fig. 7 (δ = 0).
• Case (2) : [(−2, 1), (3, 0), (−1, −1)] junction (n = 3 and p = 2). In this case there is no parity invariance.
For δ = ∞, 
Summary and discussions
In this paper, we have studied the 1/4 BPS states in the D-string worldsheet gauge theory, which correspond to the multi-pronged strings in the string picture. We have combined the ideas presented in [6] (where the infinitely long pronged string was realized in the worldsheet gauge theory) and [17] (in which the D-strings terminated by the D3-branes were considered as a notable realization of the Nahm equation). This enables us to treat a pronged string ended on the D3-branes, from the D-string worldsheet point of view.
First, in section 2, we have studied the energy of the infinitely long three-pronged strings.
The saturated BPS energy bound ensures the interpretation of the kink solution as a pronged string. In particular, there is actually an invisible fundamental string extended from the junction point.
Second, in section 3, we have deduced BPS conditions which preserve 1/4 supersymmetry.
One of the BPS equations is Nahm equation, and the Nahm boundary condition is found to be consistent with the investigation on the energy at boundaries where D3-branes locate. Then we have solved the BPS equations explicitly for a background configuration of two monopoles in two limits: (i) the two monopoles are infinitely separated, and (ii) locations of the two monopoles coincident. For the case (i) in which physically we should regain a configuration of two decoupled pronged strings, we have found that component strings forming the junction are straight. Hence, as expected, the configurations agree with naive prediction where the situation would be reduced to the case of no D3-brane. On the other hand, for the case (ii), the resultant shape of the three-pronged strings is found to be nontrivial, in the sence that component strings bend. This seems to reflect the fact that we have considered inevitably two D-strings (SU(2) gauge group) and these two interact with each other through the D3-branes.
The obtained shape of the three-pronged string is not similar to the one given in ref. [2] , where at the junction point two of the three strings which possesses magnetic charges connect smoothly. Furthermore, for our configuration studied in section 3 with δ = ∞, the tension of three strings is balanced only at the junction point, in contrast to the configuration of ref.
[2]. This discrepancy should be examined in more detail because of two reasons. One is a generalization of the Nahm construction -The ADHMN construction of monopoles has a splendid realization, a worldsheet theory of D-strings ending on D3-branes. Now we know the string junction configuration in the string picture, then what is the corresponding way of construction of the 1/4 BPS states in d = 4 supersymmetric Yang-Mills theory recently presented in [1, 2, 3, 4] ? The other reason is on purely geometrical interest. The D-string approach may give a clue to the question, "how can we see the singular junction point?"
There are subtle points when we conclude that strings bend. As discussed in ref. [17] , the background configuration of D3-branes is represented by the variables X i which are noncommutative with each other. Therefore the coordinate interpretation is difficult. It may be uncertain that the bending solutions given in section 3 can be regarded as a "real" configuration of the three-pronged strings. Another problem is that we have dealt with marginal bound states of fundamental strings named string 2. Unfortunately, in our scheme it is difficult to treat a single fundamental string as string 2, since in that case we have only a divergent solution. How to incorporate general brane configurations is remained as a future problem.
At low energy, D-brane dynamics is precisely given by the D-brane action, whose gauge group usually taken into account is Abelian. However, intrinsically the gauge group necessary for our treatment in this paper is non-Abelian, thus if we want to investigate precisely the dynamics of D-strings we should make use of the non-Abelian Born-Infeld (BI) action proposed in ref. [19] . Here we shall show that the BPS solutions satisfying the BPS equations (2.4), (3.8) and (3.9) are also solutions of the non-Abelian BI equations of motion.
This subject has been studied for the first time in ref. [15] concerning the monopole configuration in SU (2) super Yang-Mills theory. In ref. [27] , various 1/2 BPS objects satisfying non-Abelian BI equations of motion were collected. For the 1/4 BPS states, the authors of ref. [2] have proven this property, using the techniques developed in ref. [15] . The method for verification adopted in this appendix is exactly the same as the one in refs. [2] and [15] .
We have four scalars, S and X i , thus the low energy effective action is deduced simply by the dimensional reduction from the 6-dimensional BI action † with a flat metric [14] :
Here the fields representing the fluctuations of the D-string are identified with some components of the six-dimensional gauge fields in (4.1) through T-duality as S = A 2 , X i = A i+2 (i = 1, 2, 3). This identification results in the 6-dimensional field strength as follows:
(4.2)
A non-Abelian version of the BI action suffers from the ordering ambiguities of the noncommutative field components. This ambiguity is fixed in the proposal of ref. [19] by taking the symmetrized trace operation STr. The non-Abelian BI action is defined by S = d 6 x STr − det(η ab + F ab ). (4.3) † We have ignored the overall numerical factor which is irrelevant here, and have appropriately normalized the gauge fields to be consistent with eq. (2.1).
Using the explicit expression (4.2) and BPS equations (2.4), (3.8) and (3.9) , it is possible to reduce the equations of motion from the action (4.3) to the ordinary Yang-Mills equations of motion, D a F ab = 0, (4.4) in the same way as refs. [2] and [15] . Since the BPS equations (2.4), (3.8) and (3.9) satisfies the Yang-Mills equations of motion (4.4), we have shown that our BPS saturated configuration is also a solution of the equations of motion from the non-Abelian BI action.
